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Xiilasa

Diferensial tonliklorin halli {iglin on genis yayilmis vo universal adadi tisul sonlu forglor tisuludur.
Usulun asas mozmunu asagidakilardan ibarotdir. Arqumentin kosilmoz doyismo oblasti (masalon, bir
kosik) diiyilinlor adlanan diskret noqtolor ¢oxlugu ilo ovoz edilir. Bu diiyiinlor forqlor sobokasini
yaradir. Kosilmoz arqumentin axtarilan funksiyasi verilmis soboko iizorindo diskret arqument
funksiyasi ilo yaxmlagdirilir. Bu funksiya soboko funksiyas: adlanir. Ilkin diferensial tonlik soboko
funksiyasina gora forq tonliyi ilo avaz edilir. Bu zaman tonlikdoki daxil olan téromolor miivafiq sonlu
forqlor sxemi vasitasilo adadi olaraq aproksimasiya olunur. Diferensial tonliyin forq tonliyi ilo avoz
olunmasina onun soboko iizorindo aproksimasiyasi (vo ya forqlor aproksimasiyasi) deyilir. Diferensial
tonliyin holli sobokonin diiyiinlorindo soboko funksiyasinin qiymotlorinin tapilmasina gatirilir.
Diferensial tonliyin forq tonliyi ilo ovoz edilmosinin osaslandirilmasi, alinan hallorin daqiqliyi,
metodun dayaniqliligi — digqatlo dyronilmasini tolob edon on miihiim masalolordir. Sonlu forqlor
tisulu xiisusilo sorhad vo baslangic mosololorinin adadi hallinds genis totbiq olunur. Bu metodun
komayi ilo miirokkeb analitik halli olmayan diferensial tonliklor praktik sokilde hesablana bilir.
Sabokanin addiminin segilmasi hesablamalarin daqiqliyine vo hesablamaya birbasa tosir gostorir.
Buna gors do optimal addimin miioyyon edilmasi miihiim praktiki masals hesab olunur.

Agar sozlor: sonlu farqlor metodu, diferensial tanliklar, forq tonliyi, aproksimasiya, dayaniqlq va
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Solution of a Boundary Value Problem
by the Grid Method

Abstract

The most widespread and universal numerical method for solving differential equations is the
finite difference method. The main idea of the method is as follows. The continuous domain of
variation of the argument (for example, an interval) is replaced by a set of discrete points called nodes.
These nodes form a difference grid. The sought function of a continuous argument is approximated
by a discrete-argument function defined on the given grid. This function is called a grid function. The
original differential equation is replaced by a difference equation with respect to the grid function. In
this process, appropriate finite difference relations are used to approximate the derivatives appearing
in the equation. The replacement of a differential equation by a difference equation is called its
approximation on the grid (or finite difference approximation). Solving the differential equation is
thus reduced to finding the values of the grid function at the grid nodes.
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The justification of replacing the differential equation with a difference equation, the accuracy of the
obtained solutions, and the stability of the method are among the most important issues that require
careful study. The finite difference method is widely used, especially in the numerical solution of
boundary and initial value problems. With the help of this method, differential equations that do not
have a complex analytical solution can be solved in a practical manner. The choice of the grid step
directly affects the accuracy of the calculations and the computational process. Therefore,
determining the optimal step size is considered an important practical issue.

Keywords: finite difference method, differential equations, difference equation, approximation,
stability and accuracy, continuity, grid point

Giris

Tacriibads tez-tez elo masalalari hall etmok lazim golir ki, burada sortlor miistaqil doyisenin iki
qiymatinds (baxilan parganin uclarinda) verilir. Belo masalolor sorhad mosalolori adlanir vo yiiksak
tortibli tonliklorin vo ya tonliklor sisteminin halli zamani yaranir. Serhod masalolorinin odadi holl
tisullart iki qrupa boliiniir (Atkinson, 1989, s. 120-210):

Birinci qrupa sorti olaraq elo lisullari aid edirik ki, burada sorhad masalasinin halli bir nego (iki)
Kosi masalasinin hallina gatirilir. Malumdur ki, homin masalslorin hallini miixtslif isullarla istonilon
doqiqlikls reallagdirmaq miimkiindiir.

Ikinci qrupa iso sonlu forglor iisulu aid edilir. Bu diferensial operatorlar forq sxemlori ilo (cox
vaxt boraboraddimli sobokodo) avaz olunur vo masols xatti cobri tonliklor sisteminin holline gatirilir.

Noticolorin doaqiqliyi sobokonin miixtolif addimlarinda (¢ox vaxt 4 vo h/2 olduqda) ikiqat
hesablama aparmagq yolu ilo qiymotlondirilir (Ascher vo b., 1995).

Masalonin qoyulusu
Osas (baza) kimi doyigon omsalli ikinci tortibli adi diferensial tonliyi nozordon kegirok.

d

ia (k(x)

du
dx X

d_> +qgu=f(x), 0<x<I, (1)

burada omsallar doyigondir
k(x) =k >0, q(x) = 0.

Namolum u(x)funksiyasinin birmanali toyin edilmasi {igiin (1) tonliyi [0, [] par¢asinin uclarinda
verilon iki sorhad sorti ilo tamamlanir (Chapra vo Canale, 2015).
Funksiya u(x) (birinci nov sorhad sorti),

du
w(x) = k(x) o (x)

(ikinci nov sorhad sorti) vo ya onlarm xatti kombinasiyasi (iigiincii nov sorhad sorti) verilo bilor:

w(0) = g, u(l) = py, @)
d d
k(O)ﬁ(O) =, k() ﬁ(z) = iz, (3)
du du
KO @ +qu®) =, kOO +oud = @)
X dx

Ikinci tortibli elliptik tonliklor, iimumi formasi (1) tenliyi olan, bir ¢ox fiziki-mexaniki proseslorin
modellosdirilmoasinda istifads olunur (Bakhvalov, 1977).
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Bundan slava, 6ziinoqosma xassasino malik olmayan operatorlu masalolor do nozordon kegirilo

bilor, masalan,
d

_Z (k(x)

du
dx X

du
7 >+v(x)dx+q(x)u—f(x), 0<x<lL ®)

Konveksiya-diffuziya tonliyi (5) fasilosiz miihit mexanikasinda proseslorin todqiqindo model
tonlik kimi istifade olunur (Kreyszig, 2011).

Sarhad masalasinin adadi halli

Adi diferensial tonliklor {igiin sarhad masalalorinin toxmini hallins aid hesablama alqoritmlorinin
qurulmasi zamani osas digqot tonliklorin, sorhad sortlorinin vo kosilmoz olmayan olan masalalordo
qosulma sartlorinin aproksimasiyast masalalaring yonsldilir (Thomas, 1995).

Miixtolif normalarda toxmini hollin daqiqliyinin yoxlanilmast aparilir, homg¢inin baxilan
masalalor sinfi tiglin soboka tonliklorinin hallinds birbagsa metodlarin xiisusiyyotlori miizakirs olunur
(Samarskii vo b, 2001, s. 210-280).

Sarhad masalasinin aproksimasiyasi [0, U] par¢asinda addimi h olan barabar sabakoni @y,ilo isara
edak:

op ={x:x=x;=1ih, i=01,..,N, Nh =1},

burada w,— daxili diiylinlor ¢oxlugu, dwyiss sorhad diiyilin ndqtalori goxlugudur. Bundan sonra,
xiisusi olaraq geyd edilmodikdo, u = u; = u(x;)oldugunu gobul edacoyik. Sol forq téromosi iigiin
asagidaki ifadoni aliriq (Isaacson vo Keller, 1994):

_du hd?u T O(R?
Cdx () 2 dx? (R%,

Uy —Uj—q

Ui = 3

yoni sol farq téromasi daxili diiyiin néqtolori goxlugunda, u(x) € €2(0, ) oldugda, tdromoni Z—Z
birinci aproksimasiya doqiqliyi ilo O (h) yaxinlagdirir (Gautschi vo Birkhduser, 1997, s. 305-360).

Oxsar sakilds sag forq téromasi tigiin alirig:

Uy - du h d?u X
e == = G 55+ O,

Ucnogtali sxem (x;_q, X;, X;44) ticiin morkazi forq téramasindan istifada etmak olar:

Ui — Uj—; du 2d3u
== —(x;) + ——— + 0(h®),

bu iso u(x) € €3(0,1) olduqda téromoni Z—z ikinci tortib doqiqliyi ilo aproksimasiya edir.
. 2
Ikinci téraoma % tigiin aling:

LUy — Uy Upyg — 22U+ Uy

Bu farq operatoru x = x; qovsaginda, u(x) € C*(0,1) olduqda, ikinci téromoni ikinci tortib
doaqiqliyi ilo aproksimasiya edir.
Sabakanin daxili diiyiin noqtalari ¢coxlugunda diferensial riyazi operatoru aproksimasiya edirik:

B d " du l
lu=-— ( (x)a)+q(x)u,xe 0,0, ©6)
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Kifayat gador hamar amsallar va hall iigiin asagidaki forq operatoru ila:

Ly = —(ayz)x t ¢y, X € wp,. (7)

Ikinci tortib doqiqliklo aproksimasiya iigiin forq operatorunun amsallar1 elo segilmalidir ki,

A —a; _ dk

T ot 0(h?), (8)

ST k) + 00R2), ©

¢; = q(x;) + 0(h?). (10)

(10)-a uygun olaraq, masalon, ¢; = q(x;)qobul edok. (8) vo (9) sortlori, xiisusilo, a;-nin toyin
edilmosi li¢lin agagidaki diisturlar1 6doyir:

a; = k,_1 = k(x; = 0.5h),

kit ki

a; 5

-1
a; = Z(klz-i_i) .

Diferensial operatorlarin sonlu forqlorlo formal ovozlonmesi metodu sorhod sortlorinin
aproksimasiyasinda da istifado oluna bilor. On sado sokildo sorhod sortlori (2) asagidaki kimi
aproksimasiya olunur (Moin, 2010):

Yo = U1, YN = U2 (11)

Ikinci vo iigiincii ndv sorhod sortlorinin ikinci tortibli sorhod diiyiinlorinde x = x, = 0 vo x =
xy = | aproksimasiyasi ligiin (1) tonliyindan istifads edilir — aproksimasiya olunan tonliklor kimi.
Bu halda (1) tonliyindoki kenar sortlor (4) asagidaki forq miinasibatlori ils aproksimasiya olunur:

h h
—1Yxz1 T (%"‘j%) Uy = g + Efo’

h h
anYzn + (Uz+ §CIN) Uy = Uy + EfN-

Beloliklo, biz asagidaki forq sxemino malik oluruq — forq tonliyindon ibarat olan

—(ayg)x + ¢y = ¢, x € wp, (12)

vo miivafiq sorhad sortlorinin aproksimasiyasi ilo tamamlanan.

Sorhad masalasinin halli {iclin Qovma tisulunun tatbiqi (Collatz, 1966).

Adi diferensial tonlik iigiin qoyulmus koanar masslonin toxmini hallini tapmaq moagsadilo miivafiq
xotti cabri tonliklor sistemini hall etmok lazimdir. Forq hallini tapmagq li¢lin xatti cobrin snonavi
birbasa metodlarindan istifade olunur. Bu tiisullar i¢arisinde genis yayilmis olani, xiisusi lentvari
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(zolagl) struktura malik matrislor {i¢iin klassik Qauss lisulunun bir variant1 olan proqon alqoritmidir
(Thomas metodu) (Conte vo de Boor, 1980).

Sorhod sortlori ilo birlikde (12) tonliklor sistemi, ligdiagqonal matriso malik xotti cobri tonliklor
sistemini toskil edir va bu sistem asagidaki formadadir:

—;yi-1+ViYi — BiYi-1 =i, 1 =12,..,N—1, (13)
Yo = K1Y1 + U1, YN = K2YN—-1 T Ha. (14)

Belo sistemlorin adadi halli ii¢lin Proqon iisulu totbiq olunur; bu {isul proqon omsallarinin
hesablanmasi {igiin rekurrent diisturlari toqdim edir (diiz proqon) (Morton vo Mayers, 2005):

Bi @; + a;9;

éip1=———, 0y =———,i=12,..,N—1,
b Yi — a;é; ik Vi — a;é;

Burada
$1 =K1, = Iy
Hbll iigiin alirig (aks progon):
Vi = &iv1Yiv1 94,1 =N —-1,N—2,...,0,

KOy 1y
< -8y
Proqon alqoritmini yalniz o halda tatbiq etmak olar ki, hesablama diisturlarnda moxracler sifira

borabor olmasin (Burden va Faires, 2011, s. 515-575). Bundan olava, bu iisulun totbiqinin miimkiin
olmasi {ligiin (13) sisteminin hollinin asagidak: sortlori 6domasi kifayotdir:

a; 0,8, #0,l¢ =l a; | +I p; ,i =1,2,..., N -1,
[k IS1, 1Ky IS 1.
Tadgiqat

Sorhod masalosinin hesablanmasi {igiin aparilan eksperimental todqiqat niimunosi: Asagidaki
ikitortibli xotti adi diferensial tonliys baxaq (Finlayson, 1972, s. 200-260):

d’y _dy
E—ZE—?»y—exp(lLX):O, 0<x<1
Sarhad sortlori:
dy(0 dy(1
% —(0) = 0.6,% + (1) = 4exp(3) + exp(4)

Bu sarhad masalasinin daqiq (analitik) halli agsagidak: kimidir:

Yan(x) = exp(—x) + exp(3x) + 0.2 exp(4x)
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alverisli riyazi-alqoritmik baza yaradir.

ARG

9.

Indi isa bu aparilmis tadgigatin hallinin naticasina cadval saklinda baxaq:

Xi Yan (X) Yi (progon tusulu)
0.00 2.20 2.61
0.05 2.36 2.77
0.10 2.55 2.97
0.15 2.79 3.22
0.20 3.09 3.53
0.25 3.44 3.90
0.30 3.86 435
0.35 437 4.90
0.40 4.98 5.54
0.45 5.70 6.32
0.50 6.57 7.24
0.55 7.59 8.33
0.60 8.80 9.63
0.65 10.24 11.17
0.70 11.95 13.00
0.75 13.98 15.16
0.80 16.38 17.72
Notica

Aparilan todqiqat gostorir ki, adi diferensial tonliklor tigiin sorhod masalolorinin adadi hallindo
sonlu forqlor metodu hom universalligi, hom ds praktik totbiq imkanlari baximimdan somarali tisuldur.
Diferensial osperatorlarin uygun forq operatorlari ilo ovoz edilmasi problemin diskret formada ifado
olunmasina vo daqiqliyin se¢ilmis aproksimasiya sxemindon asili olaraq artirilmasina gorait yaradir.
Sorhad masalesinin bu iisulla aproksimasiyasi naticasinde alinan {igdiaqonal xotti tonliklor sistemi
Qovma (Thomas) tlisulu vasitasilo hesablama baximindan effektiv vo dayaniqli sokilds hall olunur.
Miioyyen dayanigliq sartlorinin 6denilmasi ise hesablamalarin etibarhiligini tomin edir. Umumilikda,
togdim olunan yanagma miihondislik vo fizika-mexanika saholorindo yaranan miirokkob sorhod
masalalarinin yiiksok doqgiqliklo modellosdirilmasi vo proqramlasdirma miihitindo praktik halli tigiin

Iddabiyyat

Ascher, U. M., Mattheij, R. M. M., & Russell, R. D. (1995). Numerical solution of boundary

value problems for ordinary differential equations. STAM.

Atkinson, K. E. (1989). The numerical solution of ordinary differential equations.

Bakhvalov, N. S. (1977). Numerical methods. Mir Publishers.

Burden, R. L., & Faires, J. D. (2011). Numerical analysis (9th ed.). Cengage Learning.

Chapra, S. C., & Canale, R. P. (2015). Numerical methods for engineers (7th ed.). McGraw-Hill.
Collatz, L. (1966). The numerical treatment of differential equations. Springer.

Conte, S. D., & de Boor, C. (1980). Elementary numerical analysis: An algorithmic approach

(3rd ed.). McGraw-Hill.

Finlayson, B. A. (1972). The method of weighted residuals and variational principles. Academic

Press.

Gautschi, W. (1997). Numerical analysis: An introduction. Birkhduser.
10. Isaacson, E., & Keller, H. B. (1994). Analysis of numerical methods. Dover Publications.

204



ELMI IS Beynolxalq EImi Jurnal. 2026 / Cild: 20 Sayx: 1/ 199-205

ISSN: 2663-4619
SCIENTIFIC WORK International Scientific Journal. 2026 / Volume: 20 Issue: 1/ 199-205

e-ISSN: 2708-986X

11. Kreyszig, E. (2011). Advanced engineering mathematics (10th ed.). Wiley.
12. Moin, P. (2010). Fundamentals of engineering numerical analysis. Cambridge University Press.

13. Morton, K. W., & Mayers, D. F. (2005). Numerical solution of partial differential equations: An
introduction (2nd ed.). Cambridge University Press.

14. Samarskii, A. A. (2001). The theory of difference schemes. Marcel Dekker.

15. Thomas, J. W. (1995). Numerical partial differential equations: Finite difference methods.
Springer.

Daxil oldu: 21.08.2025
Qobul edildi: 13.11.2025

205



